At present, there is no direct information about evolution of inclination angle χ between magnetic and rotational axes in radio pulsars. As to theoretical models of pulsar evolution, they predict both the alignment, i.e. evolution of inclination angle χ to 0
INTRODUCTION
Fifty years of intensive researching of radio pulsars have not leaded to complete understanding of the nature of many key processes in the pulsar magnetosphere Lyne & Graham-Smith 2012; Lorimer & Kramer 2012) . We still know neither the mechanism of coherent radio emission nor the real structure of electric currents that are responsible for braking of neutron stars. In this article, we try to show how the existence of orthogonal radio pulsars itself may help us to clarify several important questions faced by the theory.
Remind that one of the most important unsolved questions is the problem of the evolution of the inclination angle χ between magnetic and rotational axes, i.e. between magnetic moment m and the angular velocity Ω (see, e.g., Beskin 2018) . Nowadays there are the theories predicting both the alignment, i.e., evolution of inclination angle χ to 0
• , and its counter-alignment, i.e., evolution to 90
• . In what follows we call the first group as MHD model, as the alignment evolution is mainly based on the results of numerical simulations within ideal magneto-hydrodynamics (Tchekhovskoy et al. 2013) , and the second group as BGI model as the counter-alignment scenario was first proposed by Beskin et al. (1984) .
Unfortunately, at present it is impossible to determine the evolution of inclination angle χ of individual pulsars Contact e-mail: beskin@lpi.ru directly from observations. As to different indirect methods, they give controversial results (Rankin 1990; Tauris & Manchester 1998; Faucher-Giguère & Kaspi 2006; Weltevrede & Johnston 2008; Young et al. 2010; Gullón et al. 2014) . In particular, it was found both directly (i.e., by the analysis of the χ distribution) and indirectly (i.e., from the analysis of the observed pulse width) that statistically the inclination angle χ decreases with period P as the dynamical age τD = P/Ṗ increases. At first glance, these results definitely speak in favor of alignment mechanism. However, as was demonstrated by Beskin et al. (1993) , the average inclination angle of pulsar population, χ (τD) can decrease even if inclination angles of individual pulsars increases with time due to dependence of so-called "death line" on the inclination angle χ. Moreover, recently, by analyzing 45 years of observational data for the Crab pulsar, Lyne et al. (2013) found that the separation between the main pulse and interpulse increases at the rate of 0.6
• per century implying similar growth of χ (see, however, Arzamasskiy et al. 2015; Zanazzi & Lai 2015) .
Thus, until now it was not possible to formulate a test that would allow to distinguish between these two models of evolution, as both models reproduce well enough the real distribution of pulsars on the P -Ṗ diagram. For this reason, so far the mechanism for pulsar braking has remained unknown. Further we will show that statistics of orthogonal interpulse pulsars (with inclination angle close to 90
• ) may give us a key test to solve this problem as the number of Table 1 . The number of axisymmetrical (SP) and orthogonal (DP) interpulse pulsars. Lower limit corresponds to the number of certainly defined pulsars, when different catalogues are in agreement with each other; the upper limit corresponds to the highest number that can be obtained (see Appendix A). When determining the percentage, the ATNF catalogue (Manchester et al. 2005 ) is used. interpulse pulsars directly depends on the inclination angle evolution.
As is well-known Lyne & Graham-Smith 2012; Malov 1990) , the interpulse appears if we observe either two opposite poles (a double-pole or DP pulsar) or the same pole twice (a single-pole or SP pulsar); in the latter case, the two peaks correspond to the double intersection of the same hollow-cone directivity pattern. For the DP case, the inclination angle χ is close to 90
• , while for a SP pulsar, this angle is close to 0
• . Since the procedure for determining of the inclination angle (which is based on the analysis of the polarization properties of mean profiles) contains a number of uncertainties, different catalogues (see, e.g., Maciesiak & Gil 2011; Malov & Nikitina 2013) give different number of orthogonal pulsars (see Table 1 and Appendix A). But in any way we can be sure that there are about dozens of them, therefore several certain claims can be done.
The present paper is organized as follows. In Section 2 the necessary data on the properties of orthogonal pulsars are given. Further, in Section 3.1 we start with defining the regions within the polar cap where the secondary plasma is generated for nearly orthogonal pulsars. Assuming, as is usually done, that the intensity of the radio emission is proportional to the density of the outgoing plasma (in the BGI model, the radio luminosity is a fraction of 10 −5 of the plasma energy flux) this allows us not only to clarify the shape of the directivity pattern for interpulse pulsars, but also define the parameters of the "death-line" and, in particular, its dependence on the magnetic field on the neutron star magnetic pole B0 (Section 3.2). Then, according to this information, we make an observational constraint on one of the key model parameters (Section 3.3). In Section 4 we define the visibility function that connect the "true" distribution by physical parameters to the observed one for orthogonal interpulse pulsars. Then in Section 5 we use the kinetic equation approach to obtain the distributions theoretically. Finally, in Section 6 we determine the number of expecting orthogonal interpulse pulsars for different models and show that such an analysis provides a test to distinguish the alignment and counter-alignment evolution scenario. The Section 6.1 is a recap of previous results, while in 6.2 we make a crucially important correction to BGI model and provide its main implications. Then in Section 6.3 we conduct a Monte-Carlo simulation to consider the corrected evolution law more thoroughly and compare its results to observations. Finally, in Appendix we discuss the ATNF catalogue limitations and give possible ways that would allow us to overcome the incompleteness of this catalog.
It should be emphasized that such a consideration, when two-dimensional distribution of the density of the outflowing plasma over the surface of the polar cap in the vicinity of the death line is studied, is actually carried out for the first time. Until now, the efficiency of particle production has been discussed either in the one-dimensional case (see, e.g., Shibata 1997; Beloborodov 2008; Timokhin 2010; Timokhin & Arons 2013; Timokhin & Harding 2015) or, more recently, far from the death line (Bai & Spitkovsky 2010; Lockhart et al. 2019) . In any case, in these works the strong distortion of the radiation pattern of orthogonal pulsars was not discussed in detail. As a result, it is still often assumed that for orthogonal pulsars the directivity pattern has standard hollow cone structure (see e.g. Johnston & Kramer 2019) . It is clear that this question becomes the key one in the analysis of the visibility function of orthogonal pulsars.
ORTHOGONAL INTERPULSE PULSARS
To begin with, let us discuss two examples that show what kind of information we can gain from the very existence of orthogonal interpulse pulsars. For simplicity, we put the inclination angle χ = 90
• in this section. At first, remember that morphological and polarization properties of both pulses in observable interpulse pulsars are similar to ordinary ones (see, e.g., Keith et al. 2010) . Thus, the process of secondary plasma generation passes with the same pace as it is for ordinary pulsars. On the other hand, as is shown in Figure 1 , main pulse and interpulse can belong to areas with different signs of Goldreich & Julian (1969) charge density (the one that is required to screen the longitudinal electric field)
i.e., to different signs of the normal vector of the electric field in areas of plasma particles acceleration. Hence, one can conclude that the injection of particles from the star surface does not play important role in pair creation mechanism as the work function and moreover masses of electrons and protons differs significantly. In other words, the very existence of orthogonal interpulse pulsars supports Ruderman & Sutherland (1975) theory, according to which the ejection of electrons from the star surface was assumed to be inefficient, in opposition to Arons (1982) model, in which it was supposed that ejection is free. Remind that latest simulations of particle generation in polar regions of neutron stars (Timokhin 2010; Timokhin & Arons 2013; Timokhin & Harding 2015) have actually proved that the injection from the surface does play a small role.
We know that to support the high efficiency of pair creation in the polar region of neutron star (which is necessary to detect a neutron star as a radio pulsar), the potential drop near the star surface is to be similar to one for ordinary pulsars. For Ruderman-Sutherland-type models the potential drop ψ in the pair creation region can be evaluated as where H is the inner gap height. This implies that potential drop ψ (2) is proportional to Goldreich-Julian charge density ρGJ ∝ B cos θ b , where θ b is the angle between angular velocity Ω and magnetic field B.
On the other hand, for orthogonal interpulse pulsars cos θ b near the polar caps is rather small:
For this reason, for interpulse pulsars their magnetic field B0 should be much larger than for ordinary pulsars to maintain the same efficiency of pair production. As even for fast pulsars with period P about 0.1 − 0.5 seconds (as was shown in Table 1 , most interpulse pulsars belong to this range) the corresponding factor (ΩR/c) −1/2 = 20-40, observed interpulse pulsars must have ten times stronger magnetic field than for ordinary pulsars. Hence, to analyze their statistical properties, the magnetic field distribution should be taken into account.
To sum up, one can conclude that detailed study of properties of orthogonal interpulse pulsars (that has not been done yet) should allow the significant advance in understanding the key processes in the neutron star magnetosphere. Moreover, as we show in what follows, a test that may answer the question about the evolution of the inclination angle can be formulated.
DIRECTIVITY PATTERN OF ORTHOGONAL PULSARS

Plasma generation area
Before formulating the test itself, we need to find the shape of the directivity pattern of orthogonal pulsars, which must be associated with the region of plasma generation in their polar cap. It is an essential question, as we need to find the range of the inclination angles where both poles can be observable. The main difference with the pulsars having moderate inclination angles χ is that for almost orthogonal pulsars the particle creation is to be depressed not only near the magnetic pole where the curvature radius Rc of magnetic field lines is very large, but also near the line where the Goldreich-Julian charge density (1) vanishes. Indeed, according to (2), in this case, the potential drop ψ is too small to create pairs. Hence, the shape of the directivity pattern that highly depends on the charge density is to differ significantly from the standard hollow cone.
To estimate the height of the inner gap H (a domain with nonzero longitudinal electric field where the acceleration of primary particles occurs) we use the relations presented recently by Timokhin & Harding (2015) . As was mentioned above, these expressions actually do not differ from ones obtained by Ruderman & Sutherland (1975) . However we will take the dependence of charge density on the angle θ b between magnetic field and rotational axis into consideration. It is easy to do if one change Ω to Ω| cos θ b |. As a result, we obtain
cm. (4) Here and in the following similar expressions the magnetic field B12 is expressed in 10 12 G, pulsar period P in seconds, and curvature radius Rc,7 in 10 7 cm. Below we also use the results from the same work for multiplicity of particle generation λ = ne/nGJ:
, B12 > 5.
As a result, we may write down the outflowing plasma number density as
Introducing now the polar coordinates (θm, φm) on the polar cap of the neutron star, we obtain for dipole magnetic field in the limit ΩR/c 1
Accordingly, for dipole magnetic field the curvature radius Rc at the star surface looks like
Thus, using relations (4)-(9) one can find the distribution of the the number density ne of the outflowing plasma within open field line region. It is important to remember that equation (2) was obtained on the assumption that the height of the accelerating area H is less that its width. Usually, the polar cap radius Rcap ≈ (ΩR/c) 1/2 R is used as a characteristic size. And the equality HRS = Rcap is taken as a condition of the "deathline" on P −Ṗ diagram Lyne & Graham-Smith 2012) . But for orthogonal pulsars, we must clarify this criterion. Below, as a condition for the applicability of the one-dimensional approximation, we put
where Rmin is the distance towards nearest characteristic point or lines: magnetic pole, edge of the polar cap or the line, where ρGJ = 0. In more detail, we put λ = λRS (5)-(6) for HRS < Rmin, and use linear function λ = KRmin matching it to the boundary HRS = Rmin so that λ vanishes at the characteristic lines.
In Figure 2 we show the areas of plasma generation region for different periods P , magnetic fields B0, and inclination angles χ. Level lines correspond to number density ne of outflowing plasma; critical number density ncr determining the shape of the directivity pattern will be found in the next Subsection. Here we make an assumption that the polar cap has circle shape with its radius Rcap = f al. 1983; Gralla et al. 2017) . As one can see, while the inclination angle χ goes to 90
• , geometry of plasma generating areas become more and more complicated. For large periods P and small magnetic fields B0 generation of secondary plasma obviously brakes down.
"Death line" and directivity pattern
Now, we have to determine so-called "death line", i.e., the boundary of the area of pulsar parameters that admit effective secondary plasma generation. In what follows we assume that it is this condition that determines the boundary of the directivity pattern of the radio emission. As was shown by Beskin et al. (1993) (see also Arzamasskiy et al. 2017), within Ruderman-Sutherland model, the condition for the efficient secondary plasma generation which is necessary for the generation of radio emission, can be written down as QBGI < 1 , where
Here A ≈ 1 and d ≈ 0.75. Since the accuracy of determining the value of A is actually small, in what follows we assume that A lies in the range from 0.5 to 2. To correlate this value with our numerical results we suppose that generation of radio emission takes place only for large enough number density of the outflowing plasma ne > ncr.
As one can see from Fig. 3 , the death line obtained numerically fits the theoretical θ-dependence with an accuracy about 10%. We take here magnetic field B12 = 1 as a clear mean value. Appropriate values ncr are given in Table 2 . Thus, we can use these critical number densities to determine the transverse structure of effective pair generation region for orthogonal pulsars (and, hence, the shape of their directivity pattern). In Figure 2 the corresponding critical densities are shown in bold line.
Observational constraint for the value A
It is important that the value of A can be constrained from observations while considering a subset of pulsars with measured periods P , their derivativesṖ and inclination angles χ. Namely, pulsar death line equation QBGI = 1 (11) can be rewritten in the form
where B12 is model-consistent estimate of pulsar magnetic field taken again in 10 12 G. Therefore, the "death line" of pulsars is conveniently depicted on the plane of the inclination angles and the modified periods P · (A −14/15 B
−8/15 12
). The value of magnetic field B12 explicitly depends on P ,Ṗ , and χ and can be directly obtained from pulsar spin-down law.
We considered 153 normal pulsars with inclination angles χ evaluated by Lyne & Manchester (1988) and Rankin (1993) which magnetic fields were estimated within both BGI and MHD approaches (see Appendix B). We adopted five reasonable values for A = 0.4, 0.5, 0.6, 0.7 and 1.0 and tested whether these pulsars satisfy the death line condition (12). As one can see from Figure 4 , for both models the values A 0.5 presume a remarkable gap between the cloud of pulsars and proposed "death line". On the other hand, the values A > 0.7 presume significant number of objects beyond the "death line".
Of course, the data used above cannot be regarded as accurate due to the measurement errors in pulsar inclination angles. And the problem here is that most of observers ignore measurement errors for χ since that are affected by significant systematic uncertainties. Indeed, estimate of χ strongly depend on the adopted model of pulsar emission Table 2 .
geometry. Nevertheless, we believe, that estimations made by Lyne & Manchester (1988) and Rankin (1993) are relevant and their systematic errors, being unknown, still significantly less, than the whole scatter of χ throughout the pulsar subset. Thus, we conclude that A can be constrained as 0.6-0.7 for real pulsars.
VISIBILITY FUNCTION OF THE INTERPULSE PULSARS
In this section we determine the beam visibility function of interpulse pulsars V vis beam , that obviously plays the main role in their statistics. For ordinary pulsars it is determined by the width of the directivity pattern Wr, i.e., by the radiation radius r rad , as for dipole magnetic field Lyne & Graham-Smith 2012) 
Here and below W50 corresponds to the pulse width the 50% intensity level usually presented in catalogs (factor 3/2 is well-known broadening of the dipole magnetic field). Accordingly, we suppose that the total width Wr = 2W50.
Remember that observable width of the mean pulse depends on the inclination angle χ
where, according to (13), W50 can be present as
In what follows W50 is taken in degrees as it will be more suitable in further calculations. For ordinary pulsars (i.e., for pulsars with inclination angles χ < 90
• ) the visibility function is
For orthogonal interpulse pulsars we have to replace Wr with the width of the area δW where both two poles can be observable: V vis beam,90 = δW . In Fig. 5 two possible realizations are shown. In the first case, when the inclination angle χ is not so close to 90
• , it is possible to observe interpulse that correspond to the same sign of Goldreich-Julian charge density ρGJ (1). On the contrary, when χ ≈ 90
• we have to observe the regions that correspond to different signs of ρGJ. Both cases can be implemented under certain conditions simultaneously. The total visibility function can be determined as δW = δW1 + δW2.
Certainly, the directivity pattern (and, therefore, the visibility function δW ) depends on the generation level r rad . Below we consider two cases: r rad = 5 R and r rad = 7 R. According to (13) we have W0 = 3
• for r rad = 5 R, and W0 = 5
• for r rad = 7 R correspondingly (sf. Rankin 1990; Maciesiak & Gil 2011) . Assuming now again that the generation region of radio emission repeats the shape of the plasma generation domain, we can reconstruct the directivity pattern by transferring corresponding plasma generation profiles shown in Fig. 2 along dipole magnetic field from the neutron star surface r = R to the generation level r = r rad .
In Fig. 6a-6c we present the visibility functions δW for different pulsar parameters. As one can see, for ordinary magnetic field B0 ∼ 10 12 G the possibility to observe the interpulse is limited to very small periods P ≤ 0.2 s only. Observation of the interpulse for pulsars with periods of P of the order of 0.5 s becomes possible, as was noted above, only for large enough magnetic fields B0 ∼ 10 13 G, which number is very small.
In particular, for the case when the main pulse and interpulse correspond to different signs of the charge density (12) using 153 pulsars with known inclination angles χ for different models. The "death line" is shown by red solid line, while pulsar positions within these plots depend on the adopted value of A. As one can see, the values A ≈ 0.6 − 0.7 seem optimal for matching the border of pulsar cloud for both models. ρGJ, the "death line" does not depend on the width of the directivity pattern. It should be so, since at χ = 90
• the possibility to observe radiation from one pole means that the second one will be also registered. In other words, the "death line" is associated only with the cessation of secondary plasma generation, and not with the observers exit from the directivity pattern. For this realization one can obtain numerically for the maximum period P 
This estimate can be easily obtained analytically from relation (11) if, according to (3), we put cos χ = (ΩR/c) 1/2 . It gives
As to the case when the main pulse and interpulse correspond to the same sign of the charge density ρGJ, their death line is to depend on the width of the directivity pattern. In this case, the critical period can be represented with good accuracy as
Thus, we come to important conclusion that the condi- tion of the possibility to observe interpulses
which was usually used is to be corrected. As δW Wr, only a small part of this region corresponds to the possibility to observe the interpulse. As a result, the number of interpulse pulsars turns out to be much less than it has been estimated so far.
POPULATION SYNTHESIS
Kinetic equation method
Recently we have already analyzed the pulsar distribution on the base of the kinetic equation describing the evolution of neutron stars (Arzamasskiy et al. 2017) . As so-called dynamic age of the interpulse pulsars τD = P/2Ṗ is usually small due to their small periods P < 0.5 s (see Table 1 ), it was assumed that the magnetic field for ordinary pulsars can be considered constant.
Therefore the kinetic equation describing the distribution of pulsars N (P, χ, B) by period P , inclination angle χ and magnetic field B should be determined from the equation
where the source Q depends actually on two unknown function, i.e., on initial periods P and inclination angle χ (as to magnetic field distribution, it can be evaluated from observations). As to the valuesṖ andχ, they should be determined by the specific model of pulsar braking. In particular, for BGI model we have (Beskin et al. 1993 )
Here again f * ∼ 1 is dimensionless polar cap area, Ir is the moment of inertia of a star, and i0 = I/IGJ is dimensionless electric current circulating in the magnetosphere. These relations can be rewritten aṡ
whereṖ−15 = 10 15Ṗ , and QBGI is just the parameter (11) entered above. Accordingly, MHD model gives (Tchekhovskoy et al. 2016 )
Remind that the observable distribution function N obs (P, χ, B) should be connected with N (P, χ, B) by relation
Here V vis lum is the luminosity visibility function (we cannot observe far dim objects), and, as before, V vis beam is the beam visibility function depending on the width of the directivity pattern. As to luminosity visibility function V vis lum , the standard evaluation is On the other hand, for BGI model we need to correct V vis lum function, as it depends on inclination angle χ, when χ → 90
• . Remember that according to BGI model (Beskin et al. 1993 ) pulsars radio luminosity L rad reach only 10 −5 of the particle energy flux Wpart near the surface of the neutron star. On the other hand, for fast pulsars (QBGI < 1) we have
As a result, for space-homogeneously distribution of pulsars the luminosity visibility function V 
Finally, for interpulse pulsars the beam visibility function V vis beam (16) is to be changed with the visibility width δW . The convenience of the kinetic approach is that, in the presence of integrals of motion (Beskin et al. 1993; Tchekhovskoy et al. 2016 )
equation (22) can be integrated. Moreover, due to very simple observable distribution N obs (P ) ∝ P 1/2 in the domain 0.033 s < P < 0.5 s (see Arzamasskiy et al. 2017 for more detail) just overlapping almost all interpulse pulsars this integration can be produced analytically. As a result, it was found that
where again d ≈ 0.75, and the coefficients KMHD, KBGI are to be determined from the normalization to the entire number of pulsars in the range 0.03 s < P < 0.5 s
In turn, the number of orthogonal interpulse pulsars in the same range can be determined as (38) Note that the question of normalization constant Ntot, i.e., the total number of isolated pulsars with 0.03 s < P < 0.5 s contains a large uncertainty. According to ATNF database (Manchester et al. 2005) , we have Ntot = 968 (February 2020). But the ATNF catalog is not homogeneous and, in particular, it contains a large number of weak sources, for which the possible interpulse is beyond the sensitivity limit. Thus, hereafter we will consider fractions of orthogonal pulsars among overall pulsar population. These fractions can be easy predicted within numerical synthesis. But, on the other hand, they can be evaluated from the statistics of actually observed pulsars.
The details of estimating of f orth are described in Appendix C. We found that for pulsars with 0.03 s < P < 0.5 s there are f orth = 2.5 ÷ 5.5% of orthogonal rotators among the overall population of active pulsars 1 . Such a wide credible interval is due to relatively small number of actually observed orthogonal pulsars and uncertainties in the procedure to decide if given pulsar an orthogonal one or not.
The analysis produced by Arzamasskiy et al. (2017) have shown that the number of observable interpulse pulsars with χ ≈ 0
• can be explained within both BGI (counteralignment) and MHD (alignment) models due to considerable uncertainties in the initial pulsar distribution Q(P, χ). In turn, this approach gave us the possibility to evaluate birth functions QP (P ) and Qχ(χ) on pulsar initial periods 1 In Table 1 we use the normalization for the total number of pulsars in the corresponding range of pulsar periods P . and inclination angles. As was found, for BGI model in the domain 0.03 s < P < 0.5 s they look like
Accordingly, for MHD model in the domain 0.03 s < P < 0.5 s we have
As to interpulse pulsars with χ ≈ 90
• , analysis was performed only for MHD model, which also gave the reasonable number of orthogonal interpulse pulsars.
However, this analysis did not include into consideration the real visibility function for interpulse pulsars V vis beam ≈ δW which, as was shown above, is to diminish drastically the predicted number of orthogonal interpulse pulsars. Nevertheless, below we utilize distribution functions (47)-(42) obtained earlier, since the necessary additional corrections to this study refers not so much to the equation itself as to the visibility function V vis beam and features of the behavior of its solution when χ → 90
• . Below we assume, as was done by Arzamasskiy et al. (2017) , that pulsar birth function Q can be presented as a product QP (P )Qχ(χ)QB(B). Indeed, the effects of the distribution over the magnetic field were not taken into account, since integrals of motion (34)- (33) does not depend on magnetic field. This implies that magnetic field can only change the rapidity of the individual pulsar motion along their evolutionary path. Therefore, we can now take into account the distribution on the magnetic field simply by multiplying the previously obtained distribution functions N (P, χ) by QB(B)/B k , where according to (22)-(28) kBGI = 10/7 and kMHD = 2. On the other hand, as was shown by Beskin et al. (1993) , with high accuracy one can put
where Bn = 10 12 G, a = 2, and b = 0.7. As a result, the pulsar distribution function in BGI model NBGI(P, χ, B) can be written down as
where
and
In (44) (π/2 − χ − sin χ cos χ)
and now
6 INTERPULSE PULSARS AS AN EVOLUTION TEST
Approximately orthogonal pulsars
Now we can return to our main goal, i.e., to formulating a test that may clarify the direction of the inclination angle evolution. As was already mentioned above, the central idea is connected with the amount of orthogonal interpulse pulsars, as their number should depend substantially on the sign of the derivativeχ. For this reason, for orthogonal pulsars the predictions of MHD and BGI model are to differ significantly.
Remember that according to Arzamasskiy et al. (2017) within MHD model the distribution function NMHD(P, χ) (47) reproduces good enough the number of both aligned and orthogonal interpulse pulsars. In particular, the number of orthogonal pulsars in the range 0.03 s < P < 0.5 s is 18 ÷ 40, in good agreement with observations (see Table 1 ). However, in this paper it was supposed that the visibility function of orthogonal interpulse pulsars V vis beam,90 is determined by the condition π/2 − χ < Wr/2. In Figures (6a) -(6c) it corresponds to the complete filling of the area above the dashed line. As was shown in Sect. 4, this assumption significantly overestimates the number of orthogonal interpulse pulsars.
On the other hand, now the precise accounting for the plasma generation region within magnetic poles, i.e., more accurate determination of the directivity pattern, allows us to specify the number of interpulse pulsars and, hence, to clarify the direction of the inclination angle evolution. In Table 3 we present the number of interpulse pulsars Nort,1 (38) within the domain 0.03 s < P < 0.5 s for W50 = 3
• and W50 = 5
• obtained through the visibility function V vis beam,90 = δW and distribution functions (42) and (47). We see that for MHD model the number of orthogonal interpulse pulsars is always lower than 1%. Which is barely consistent with f orth mentioned above. On the other hand, BGI model predict larger fraction 1.2 ÷ 2.3% for A ∼ 0.5 ÷ 0.7. This probably may indicate that BGI approach is better consistent with the observations. Nevertheless, no choice between two models can be made at this stage.
BGI correction and exactly orthogonal pulsars
Here we come to another key subject of our consideration. The point is that the results presented above in Table 3 does not allow us to determine the total number of orthogonal interpulse pulsars Nort within BGI model. Indeed, the original version of BGI model determines good enough only one component of the braking torque which is parallel to the magnetic moment. This torque resulting from symmetric (north-south even within polar cap) part of the longitudinal currents i0 in (25)- (26) vanishes for orthogonal rotator. As within BGI model individual pulsars evolve to 90 degrees, clarification of the braking law for orthogonal rotator is of particular importance.
On the other hand, as was shown recently by Beskin et al. (2017) , the braking torque perpendicular to magnetic moment depends on fine details of the distribution of electric currents on the surface of the polar cap, which could not be determined analytically. This has become possible only in recent years, based on the results of numerical modeling (Spitkovsky 2006; Kalapotharakos et al. 2012; Tchekhovskoy et al. 2013; Philippov et al. 2014) . As to MHD model, it does not require correction at all, since both the evolution equations (27)- (28) (and, hence, the integral of motion IMHD (34)) stay true for any inclination angles.
As is shown in Fig. 7 , the exact following to invariant IBGI (33) leads to unlimited accumulation of pulsars in the region χ = 90
• . This results from neglecting the second term C in exact equation of the evolution, that in general form can be written down as )
Here again B12 = B0/10 12 , andṖ−15 =Ṗ /10 −15 . As to extra small factor C 1, it just describes the evolution of orthogonal rotators along the line χ = 90
• . As was already stressed, the value of C within the framework of the BGI model cannot be determined with the necessary accuracy. In the original work of Beskin et al. (1983) , in which only the action of volume magnetospheric currents was taken into account, it was shown that C can be estimated as (ΩR/c) iA where iA = j /jGJ is the ratio of the longitudinal electric current to the Goldreich-Julian current; recall that in BGI model iA = 1. However, as was shown later , this estimate did not allow us to explain the pulsar brakingΩ (27) for ξ = 90
• within MHD model, because in this model iA ≈ (ΩR/c) 1/2 which is too small to get the desired result C ≈ 1 corresponding to MHD model.
To resolve this contradiction it was assumed, that in orthogonal case the energy losses can be connected with additional currents that circulate in magnetosphere along the separatrix separating the areas of open and closed magnetic field lines (see Beskin et al. 2017 for mode detail). Supposing now that the additional separatrix current is proportional to volume current circulating in the pulsar magneto- (52)- (53) and were used in Monte-Carlo simulation.
sphere, i.e. C = KiA, we obtain from the MHD model that K ≈ (ΩR/c) −1/2 . Assuming now that relation C = KiA can be also used for the BGI model, we finally obtain
Since this quantity is not determined with sufficient accuracy, we assume in what follows that
where the value of ε belongs to the range between 0.005 and 0.02. As is also shown in Fig. 7 , for nonzero C the pulsars are to evolve along the axis χ = 90
• gradually increasing their period P until they cross the "death line". For such pulsars, we can determine the distribution function N90(P, B), which satisfies the kinetic equation
Here, according to (52),
and the source in the r.h.s. is determined by the pulsar flow to the region χ = 90
• according to (42) and (53). On the other hand, it is clear that the analytical consideration carried out in Sections 6.1-6.2 (corresponding trajectories are shown by green dashed curves in Fig. 7) does not allow us to reproduce exactly the evolution trajectory of individual pulsars. Indeed, as is shown in Fig. 7 , sequential consideration of more accurate evolution equations (52)-(53) leads to trajectories presented by blue solid curves which significantly deviates from the trajectories corresponding to conservation of invariant IBGI (33) just in the area where orthogonal interpulse pulsars should be observed. Sequential analysis based on Monte-Carlo simulation is presented in the next Subsection. Here we carry out a qualitative consideration based on the kinetic equation method.
For this reason, as a zero-order estimation we assume (Table A1) that the trajectory reach the boundary χ = 90
• not with a period P , but with a period P + P0, where P0 ≈ 0.1 s (see Fig. 7) . As a result, solution of the kinetic equation (56) 
on the r.h.s. of which we made a replacement P → P + P0 looks now like
[(P − P0)(P + 3P0)] P 3/2 .
(59) Here we neglect the power 1/14. Accordingly, observable distribution function N obs 90 (P ) of such pulsars can be found as 
Finally, it is necessary to stress that according to (57) magnetic field for orthogonal pulsars χ = 90
• is to be estimated as B12 ≈ ε −1/2 P 3/4Ṗ 1/2 −15 , i.e., as
As to magnetic field distribution function N 
In Table 4 we present the comparison of the observable (Table A1 ) and predicted (60) distributions of orthogonal interpulse pulsars with χ = 90
• by period P for ε = 0.03 and A = 1. As we see, the observable distributions is in good agreement with the prediction of BGI model. But, as was already stressed, it was a pretty rough evaluation. Analytical trajectories of the pulsars on P − χ diagram (see Fig. 7 ), differ from real ones, so there we needed to make a shift of the period, to reduce the artificial amount of orthogonal pulsars with the period less than 0.1 s. Nevertheless, such a good correlation can be treated as a credible test, that is done for reasonable values of parameters.
Monte-Carlo simulation
To verify the analytical results presented above, we study the evolution of radio pulsars in the framework of MonteCarlo approach as well. To reconcile the results of the MonteCarlo simulations with results obtained within kinetic equation method, we certainly have to use the same birth functions (39) and (40) of pulsars on periods QP (P ) and inclination angles Qχ(χ) (Arzamasskiy et al. 2017) . It is these birth functions that lead to good agreement between the BGI and MHD predictions of the number of aligned interpulse pulsars NSP (see Table 1 ) and observations. Accordingly, the evolution of individual pulsars for BGI model is to be determined by Eqns. (52)- (53), and by Eqns. (27)- (28) for MHD one. For simplicity, we take into account only three physical parameters of pulsars: period P , inclination angle χ and magnetic field B. At the start of simulation a big amount of pulsars is generated according to some initial parameter distribution. After that at each step period P and inclination angle χ of all existing pulsars are evolved using one of the theoretical models, but magnetic field B is assumed to be constant; also new pulsars are added, the addition rate and parameters are determined by the birth functions from above. We are interested in finding the static distribution so the simulation ran until the number of existing pulsars became close to constant. The initial distribution is not so important for the result as it affects just the convergence speed. However in the BGI case the most convenient option is to start from theoretical NBGI (42) with addition of N90 (59) since the corrections are small. For MHD model the theoretical consideration remains exact since there is no correction, so the corresponding simulations check both the theory and the numerical method.
Then to determine N obs (29) within our Monte-Carlo integration method we calculated the sum of all interpulse visibility functions V In Table 5 we present the total number of orthogonal interpulse pulsars obtained in Monte-Carlo simulation for different parameters A, W0, and ε. We see that for reasonable parameters (A ≈ 1 and ε ≈ 0.02) a good agreement with the BGI model can indeed be achieved. On the other hand, we have to stress the strong dependence of the number of orthogonal interpulse pulsars on these parameters. We also noticed that most of visible orthogonal interpulse pulsars in BGI model should have exactly χ = 90
• .
CONCLUSION
Thus, it was shown that the statistical analysis of orthogonal interpulse pulsars really allows us to formulate a test that can determine the direction of the inclination angle evolution. Two new important points that we included into consideration should be noted. The first one is a significant refinement of the directivity pattern of orthogonal pulsars. In fact, the region of secondary plasma generation near the death line was first determined (cf., e.g., Qiao et al. 2004; Tsygan 2019) . The second point is the correction to BGI model. We used an updated version of the expression for energy losses for an orthogonal rotator. All the other suggestions (such as visibility function for ordinary pulsars with inclination angles χ = 90
• , etc.) did not go beyond the standard assumptions commonly used in statistical analysis of radio pulsars.
As a result, it was shown that BGI model gives good agreement with observational data; on the other hand, the MHD model predicts too few orthogonal interpulse pulsars. It must be emphasized here that MHD model itself does not require any correction for orthogonal rotators. As for attracting additional opportunities for reconciling the predictions of MHD model with observations (as was done by Arzamasskiy et al. 2015 to explain the observed value of the braking index), this work is certainly beyond the scope of this study.
Simply, our result can be explained as follows. In the zero approximation, one can assume that the distribution of the pulsar in the inclination angle χ weakly depends on this angle. Then using the beam visibility function V vis beam = sin χ W0 (16) we can estimate (of course, very roughly) the total number of aligned and orthogonal interpulse pulsars as
NDP ∼ NtotW50.
Here W50 is measured in radians. This evaluation indeed gives the reasonable values NDP ∼ 30-50 and NSP ∼ 2-5. But as was stressed in Sect. 2, we can observe orthogonal interpulse pulsars only if their magnetic fields are much larger than those of ordinary radio pulsars. Otherwise, the generation of secondary plasma (and, therefore, the radio emission itself) becomes impossible due to too small potential drop ψ ∝ ρGJ (2) over the pulsar polar cap. As a result, the number of orthogonal interpulse pulsars is to be much smaller than the evaluation (65) (see Table 3 ). Only within BGI model which predicts additional class of almost orthogonal pulsars with χ ≈ 90
• , the agreement with observations can be achieved.
In conclusion, it should be noted that in the statistical analysis of the interpulse pulsars we did not take into account the possible correlations associated with the spatial distribution of radio pulsars in the Galaxy, evolution of magnetic field, etc. which is devoted quite a lot of works (see, e.g., Arzoumanian et al. 2002; Faucher-Giguère & Kaspi 2006) .
Finally, it should be noted that the issues discussed above allow us to take a fresh look at many questions arising in the analysis of observations of radio pulsars. For example, the above formula (62) for estimating the magnetic field for almost orthogonal pulsars within BGI model gives much larger values B12 ≈ 10 P 3/4Ṗ 1/2 −15 in comparison with standard estimate B12 ≈ P 1/2Ṗ 1/2 −15 . Accordingly, such pulsars can be observed at much larger periods (of course, un-less photon splitting and positronium creation can suppress generation of a secondary plasma, see e.g. Usov & Melrose 1995; Istomin & Sobyanin 2007) . In particular, for radio pulsar PSR J0250+5854 (P = 23.5 s,Ṗ−15 = 27, see Tan et al. 2018 for more detail) we obtain B12 ≈ 300-500, which gives QBGI < 1 even for such enormous large pulsar period.
Another example connects with the essential difference of the pair creation domain of orthogonal pulsars compared with standard hollow-cone structure (see Fig. 2 ). This circumstance must be borne in mind in the analysis both the mean profiles of radio emission and X-ray radiation. Indeed, as was already stressed, up to now one still often assume that for orthogonal pulsars the directivity pattern of radio emission has standard hollow cone structure (see e.g. Johnston & Kramer 2019). Moreover, the first results obtained for radio pulsar PSR J0030+0451 by NICER observatory (Riley et al. 2019) can be interpreted as if the shape of the heated regions (which is naturally connected with the region of effective generation of electron-positron plasma) have the crescent shape just as shown in Fig. 2 . By the way, according to radio data (Bilous et al. 2019 ), this pulsar is really close to orthogonal, since it has an interpulse exactly between two main pulses. (Beskin et al. 1984 (Beskin et al. , 1993 ) the determination of magnetic field depends substantially on the parameter QBGI (11). For QBGI < 1 (far from the real "death line" where the theory can only be considered as consistent) the spin-down law (25) results in 
where P taken in seconds. In particular, for orthogonal rotators the evaluation B12 ≈ ε −1/2 P 3/4Ṗ 1/2 −15 (62) is to be used.
2 Note, that classification made by Malov & Nikitina (2013) was based on combination of various highly model-dependent methods. Moreover, even calculation errors were found for some pulsars after the paper was published (E. Nikitina, private communication). Therefore, the contradiction mentioned for eight pulsars above should not be considered so earnestly.
On the other hand, for pulsars in the vicinity of the "death line" (i.e., for pulsars with QBGI > 1) the evaluation gives
As to MHD model, corresponding magnetic field is expected to be consistent with the spin-down law (27)
In other words,
where we assume neutron star radius R = 12.5 km and moment of inertia Ir = 1.5 · 10 45 g cm 2 (Spitkovsky 2006; Philippov et al. 2014) . For orthogonal pulsars within MHD model one can just put sin χ ≈ 1 and get 
APPENDIX C: ATNF CATALOGUE LIMITATIONS
As it was already stressed, the amount of interpulse pulsars given in Tables 1, A1 should be considered as a lower estimate. Indeed, the ATNF catalog is not homogeneous and, in particular, it contains a large number of weak sources, for which the possible interpulse is beyond the sensitivity limit. Below we try to determine the uncertainty of the normalization constant Ntot (37) which is important for our analysis.
Recall, that successful detection of a pulsar within a survey depends on the pulsar radio luminosity, distance and pulse broadening due to interstellar dispersion and distortion. Weak and wide-pulse pulsars are hard to detect at large distances (or at large dispersion measures). This is the reason for the lack of pulsars with low pseudo-luminosities and large dispersion measures on the corresponding diagram, see Figure C1 (a). Grey dots on this plot represent all normal isolated pulsars with periods 0.03 ÷ 0.5 s stored in the ATNF database, while red circles are for orthogonal pulsars from Table A1 .
One can see that minimal pseudo-luminosity remains approximately constant up to DM ≈ 70 pc·cm −3 for ANTF pulsars. While at larger values of DM it scales as Lmin ∝ DM 2.5 . At the same time, there are lack of high-SNR pulsars at DM 150 at Figure C1(b) . The effective signal-to-noise ratio was estimated here as
where P is pulsar period, F1.4 its radio flux at frequency 1.4 GHz, F Crab is the Crab pulsar flux at the same frequency and W50 is main pulse width at half maximum intensity taken in seconds (Johnston & Karastergiou 2017) . We conclude therefore, that ATNF catalogue can be considered as more or less complete for DM 70 ÷ 150 pc cm 3 . There are 200 ÷ 400 isolated normal pulsars in this interval with from 8 to 17 orthogonal ones among them correspondingly. Assuming Poissonian statistics for both quantities we finally estimate the fraction of orthogonal pulsars as f orth = (4 ± 1.5) % for local galactic volume at 1σ significance. And since this local pulsar population is merely independent, then one can expect the same fraction for all Figure C1 . To the discussion of the completeness of the ATNF pulsar database. On the plots (a)-(c) above we show normal radiopulsars included into ATNF which periods are within 0.03÷0.5 seconds interval (gray dots). Red circles represent known pulsars with interpulses listed in Table A1 . The description of the plots are as follows: (a) pulsar pseudo-luminosity L = F 1.4 × D 2 , where F 1.4 is the observed flux at the frequency 1.4 Ghz and D is distance typically based on the dispersion measure estimation; (b) Effective signal-to-noise ratio (see Eq.C1); (c) Dispersion measure-based distance to pulsar. All quantities are plotted against the dispersion measure. We interpret the lack of lowluminosity and high-SNR pulsars with at large DM 100 pc cm −3 as a result of the incompleteness of the ANTF database. And assume that this catalogue is more or less complete up to DM ∼ 70 − 150 pc cm −3 . radio loud galactic pulsars. In the frame of our work we compare model prediction of f orth for both MHD and BGI approaches with the number obtained above.
Note that the above estimate of the fraction of orthogonal interpulse pulsars f orth is in good agreement with another independent estimate which also can be obtained from ATNF catalog. This criterion connects with discarding pulsars for which ATNF catalogue does not give mean pulse width W10 on the 10% intensity level.
Indeed, measured W10 in ATNF catalog indicates that the noise level for a given pulsar is quite low. Hence, one can believe that for such pulsars it is possible to detect an interpulse with a sufficiently large intensity ratio IP/MP. And really, in Table A1 , pulsar PSR J0826+2637 (IP/MP = 0.01) turned out to be the only exception for which ATNF catalog does not give a value of W10. For all other pulsars having IP/MP > 0.03, a value of W10 is provided.
Hence, if we apply this criterion, the number of observed interpulse pulsars changes only slightly. As for the normalizing total number of pulsars Ntot (37) in the range 0.033 s < P < 0.5 s, their number decreases to 475, i.e. halves in comparison with full ATNF catalogue. According to Table 1 , it gives f orth = (3.6 ÷ 5.2) % in good agreement with the previous estimate.
